Intriguing sets of vertices have been studied for several classes of strongly regular graphs. In the present paper, we study intriguing sets for the graphs Γ n , n ≥ 2, which are defined as follows. Suppose Q(2n, 2), n ≥ 2, is a nonsingular parabolic quadric of PG(2n, 2) and Q + (2n − 1, 2) is a nonsingular hyperbolic quadric obtained by intersecting Q(2n, 2) with a suitable nontangent hyperplane. Then the collinearity relation of Q(2n, 2) defines a strongly regular graph Γ n on the set Q(2n, 2) \ Q + (2n − 1, 2). We describe some classes of intriguing sets of Γ n and classify all intriguing sets of Γ 2 and Γ 3 .
Introduction
Suppose Γ = (V, E) is a finite connected regular graph of valency k and diameter d ≥ 2, and let k = θ 0 > θ 1 > · · · > θ s denote the s + 1 ≥ d + 1 ≥ 3 distinct eigenvalues of Γ. Let X ⊆ V be a set of vertices of Γ and let N denote the total number of ordered pairs of adjacent vertices of X.
The set X is said to be intriguing if there exist constants h 1 and h 2 such that every vertex x ∈ X is adjacent to precisely h 1 vertices of X and every vertex y ∈ X is adjacent to precisely h 2 vertices of X. Clearly, ∅ and V are examples of intriguing sets. An intriguing set is said to be nontrivial if it is a nonempty proper subset of V . If X is a intriguing set of vertices of Γ, then by Proposition 3.7 of [8] , there exists an i ∈ {1, . . . , s} such that N = θ i · |X| + k−θ i |V |
· |X|
2 . We say that X is an intriguing set of index i. The index is uniquely determined if the intriguing set is nontrivial and can take any value of {1, . . . , s} in case of a trivial intriguing set.
By Proposition 3.8 of [8] , we have
If the lower [resp. upper] bound in equation (1) · |X| 2 if and only if |X| ∈ {0, |V |}, ∅ and V are the only tight sets of Γ which are both of Type I and II. A tight set is said to be nontrivial if it is a nonempty proper subset of V .
For strongly regular graphs, the notions of tight sets and intriguing sets are equivalent. Intriguing sets of vertices have been studied for several classes of strongly regular graphs which arise as collinearity graphs of point-line geometries, see [3] , [11] and [12] for generalized quadrangles, [2] for polar spaces, [7] for half-spin geometries and [1] for partial quadrangles. In the present paper, we study the intriguing sets of another class of strongly regular graphs.
If Q is a nonsingular quadric or Hermitian variety of a finite projective space Σ and Π is a hyperplane of Σ, then the graph Γ induced on the set Q \ Π by the collinearity relation of Q is usually not strongly regular. However, this graph Γ is strongly regular in the case that Σ = PG(2n, 2), Q = Q(2n, 2) and Π ∩ Q = Q + (2n − 1, 2) (n ≥ 2). In the present paper we will deal with this case.
We refer to the respective books [9] and [10] for the basic properties of (strongly) regular graphs and quadrics which we will use throughout this paper.
Let Q(2n, 2), n ≥ 2, denote a nonsingular parabolic quadric in PG(2n, 2) and let Π be a hyperplane of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric
. A maximal singular subspace of Q(2n, 2) is also called a generator of Q(2n, 2). If α is a generator of Q(2n, 2) not contained in Q + (2n − 1, 2), then α \ Q + (2n − 1, 2) is also called a truncated generator of Q(2n, 2). Two points of Q(2n, 2) are said to be collinear if the line of PG(2n, 2) joining them is contained in Q(2n, 2). The collinearity relation of Q(2n, 2) defines a graph Γ n on the set Q(2n, 2). We will prove in Lemma 3.1 that Γ n is strongly regular. In Section 4, we describe the following classes of tight sets of Type II of Γ n .
(1) Any union of mutually disjoint truncated generators of Q(2n, 2) is a tight set of Type II of Γ n .
(2) Let Π = Π be a hyperplane of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric
is a tight set of Type II of Γ n .
(3) Suppose n ≥ 3. Let p ∈ Q + (2n − 1, 2) and let T p denote the hyperplane of PG(2n, 2) through p tangent to Q(2n, 2). Let η be a hyperplane of T p not containing p. Then η ∩ Q(2n, 2) = Q(2n − 2, 2) and η ∩ Q + (2n − 1, 2) = Q + (2n − 3, 2). If X is a tight set of Type II of Q(2n − 2, 2) := Q(2n − 2, 2) \ Q + (2n − 3, 2), then pX \ {p} is a tight set of Type II of Γ n .
The following theorem, which we will also prove in Section 4, characterizes tight sets of Type I. Theorem 1.1 A set X of vertices of Γ n is a tight set of Type I if and only if it intersects every truncated generator of Q(2n, 2) in a constant number of points.
An ovoid of Q(2n, 2) is a set of points of Q(2n, 2) which has a unique point in common with every truncated generator. Ovoids of Q(2n, 2) are examples of tight sets of Type I of Γ n . In Section 4 we will prove that ovoids can only exist if n ∈ {2, 3}. Theorem 1.2 Q(2n, 2) has no ovoids for every n ≥ 4.
The classification of the tight sets of vertices of Γ 2 is a trivial problem since Γ 2 is isomorphic to the complete bipartite graph K 3,3 . In fact, every tight set of vertices of Γ 2 is either an ovoid or the union of mutually disjoint truncated generators of Q(4, 2). In Section 6, we classify all tight sets of vertices of the graph Γ 3 . Theorem 1.3 (1) Up to isomorphism, Γ 3 has 2 nontrivial tight sets of Type I. Every tight set of Type I of Γ 3 is either an ovoid of Q(6, 2) or the complement of an ovoid of Q(6, 2).
(2) Up to isomorphism, Γ 3 has 20 nontrivial tight sets of Type II. Up to isomorphism, there is a unique tight set of Type II of Γ 3 which does not arise as union of mutually disjoint truncated generators of Q(6, 2).
General properties of intriguing and tight sets
In this section, Γ = (V, E) denotes a connected regular graph of diameter d ≥ 2 and valency k with s + 1 mutually distinct eigenvalues k = θ 0 > θ 1 > · · · > θ s . The following propositions are extracted from [8] (Propositions 3.4, 3.7 and Corollaries 3.9, 3.12). Proofs of Propositions 2.1, 2.2 and 2.3 are also more or less contained in the earlier literature on intriguing sets ( [2] , [3] , [7] , [11] ). Proposition 2.1 Let X 1 and X 2 be two intriguing sets of vertices of Γ of the same index i ∈ {1, . . . , s}. Then (4) If X 1 is a tight set of Type I and X 2 is a tight set of Type II, then
The graph Γ is called strongly regular with parameters (v, k, λ, µ) if d = 2 and if Γ has v vertices, k vertices adjacent to any given vertex x, λ vertices adjacent to any two given adjacent vertices y and z, and µ vertices adjacent to any two given distinct nonadjacent vertices y and z . 3 Tight sets of vertices of Γ n As in Section 1, let Q(2n, 2) be a nonsingular parabolic quadric in PG(2n, 2), n ≥ 2, and let Π be a hyperplane of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q + (2n − 1, 2). Let Γ n be the graph with vertex set Q(2n, 2) := Q(2n, 2) \ Q + (2n − 1, 2), with two vertices adjacent if and only if they are collinear on Q(2n, 2).
Lemma 3.1
The graph Γ n is strongly regular with parameters v = 2
Proof. The number of vertices of Γ n is equal to v = |Q(2n, 2)| − |Q
. The tangent hyperplane T x at x intersects Q(2n, 2) in a cone xQ(2n−2, 2) with top x and basis Q(2n−2, 2) := T x ∩Π∩Q(2n, 2). So, the vertices of Γ n adjacent to x are precisely the points of xQ(2n − 2, 2) \ {x} not contained in Q(2n − 2, 2). Hence, k = |Q(2n − 2, 2)| = 2 2n−2 − 1. Now, let x and y be two adjacent vertices of Γ n , i.e. x and y are two distinct points of Q(2n, 2) \ Q + (2n − 1, 2) which are collinear on Q(2n, 2). The tangent subspace T L at the line L := xy intersects Q(2n, 2) in a cone LQ(2n−4, 2) with top L and basis a nonsingular parabolic quadric
(If n = 2, then we take the convention that LQ(2n − 4, 2) = L.) Hence, the number of planes through L contained in Q(2n, 2) is equal to |Q(2n − 4, 2)| = 2 2n−4 − 1. Each such plane contributes 2 to the number of vertices of Γ n adjacent to x and y. Obviously, every vertex of Γ n adjacent to x and y is counted precisely once in this way. Hence, λ = 2 · (2 2n−4 − 1) = 2 2n−3 − 2. Let x and y be two nonadjacent vertices of Γ n . Let T x , respectively T y , denote the tangent hyperplane at the point x, respectively y. Then x ∈ T y and y ∈ T x . Moreover, there exists a nonsingular quadric Q(2n − 2, 2) in T x ∩ T y such that T x ∩ Q(2n, 2) = xQ(2n − 2, 2) and T y ∩ Q(2n, 2) = yQ(2n − 2, 2). Now, let α denote the unique hyperplane of PG(2n, 2) through T x ∩ T y distinct from T x and T y . Let k * denote the kernel of the quadric Q(2n, 2) and let β be a hyperplane of PG(2n, 2) not containing k * . For every point u of Q(2n, 2), let φ(u) denote the unique point of β on the line k * u. It is well-known that there exists a unique symplectic polarity ζ in β such that two points x 1 and x 2 of Q(2n, 2) are collinear on Q(2n, 2) if and only if φ(
ζ , where z is the unique point of the line φ(x)φ(y) distinct from φ(x) and φ(y). Now, let z denote the unique point of the line k * z belonging to Q(2n, 2). Then z = φ(z) and α ∩ Q(2n, 2) is equal to T z ∩ Q(2n, 2), where T z denotes the tangent hyperplane at the point z. We now prove that z is not contained in Π. Notice that z belongs to the plane k * , x, y . So, z belongs to the line k * z , wherez is the unique point of the line xy distinct from x and y. Since x, y ∈ Π,z ∈ Π. Since x and y are not collinear on Q(2n, 2),z ∈ Q(2n, 2). Hence, z =z and z ∈ Π as claimed. Now, put
It follows that x and y have
From the theory of strongly regular graphs, it is well-known (see e.g. [9, Chapter 10] ) that a strongly regular graph with parameters (v, k, λ, µ) has three distinct eigenvalues θ 0 = k, θ 1 ≥ 0 and θ 2 < −1, where θ 1 and θ 2 are the roots of the quadratic polynomial
Applying this here, we see that Γ n has eigenvalues θ 0 = k = 2 2n−2 − 1, θ 1 = 2 n−2 − 1 and θ 2 = −2 n−1 − 1. By equation (1), we then have:
Corollary 3.2 Let X be a set of points of Q(2n, 2) and let N denote the total number of ordered pairs of distinct collinear points of Q(2n, 2) belonging to X. Then
If the lower bound is achieved, then X is a tight set of Type I. If the upper bound is achieved, then X is a tight set of Type II.
Some examples of tight sets of vertices of Γ n
We continue with the notation introduced in Section 3.
Proposition 4.1 Every truncated generator of Q(2n, 2) is a tight set of Type II of Γ n .
Proof. If X is a truncated generator, then |X| = 2 n−1 and the number of ordered pairs of distinct collinear points of Q(2n, 2) belonging to X is equal to N = 2 n−1 (2
The following is an immediate corollary of Propositions 2.1 and 4.1. Definition. Recall that an ovoid of Q(2n, 2) is a set of points of Q(2n, 2) having a unique point in common with every truncated generator of Q(2n, 2). The number of truncated generators is equal to (# number of generators of Q(2n, 2)) -(# generators of
. Notice also that the number of truncated generators of Q(2n, 2) through a given point x ∈ Q(2n, 2) is equal to (2 + 1)(2 2 + 1) · (2 n−1 + 1). It readily follows that an ovoid of Q(2n, 2) contains precisely 2 n − 1 mutually noncollinear points. Conversely, every set of 2 n − 1 mutually noncollinear points of Q(2n, 2) necessarily is an ovoid of Q(2n, 2). has an ovoid, we must have 2n + 2 ≥ 2 n − 1 and hence n ≤ 3.
We will see in Section 6 that Q(4, 2) and Q(6, 2) have ovoids.
Proposition 4.6 Let Π = Π be a hyperplane of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q + (2n − 1, 2).
Proof. The subspace Π ∩ Π is a hyperplane of Π. There are two possibilities:
(ii) Π ∩ Π ∩ Q(2n, 2) is a singular quadric of Π ∩ Π . In this case, the top of the singular quadric is a point p and the basis is a nonsingular hyperbolic quadric Q + (2n − 3, 2) in a hyperplane of Π ∩ Π not containing p.
We will show that case (i) cannot occur. Suppose the contrary and let Π denote the unique hyperplane through Π ∩ Π distinct from Π and Π. Then |Π ∩ Q(2n, 2)| = |Q(2n, 2)| − 2 · |Q
On the other hand, we know that there are 3 possibilities for Π ∩ Q(2n, 2).
(1) Π ∩ Q(2n, 2) is a nonsingular elliptic quadric of Π . Then |Π ∩ Q(2n, 2)| = 2
(2) Π ∩ Q(2n, 2) is a nonsingular hyperbolic quadric of Π . Then |Π ∩ Q(2n, 2)| = 2 2n−1 − 1 + 2 n−1 , a contradiction.
(3) Π ∩ Q(2n, 2) is a cone with top a point x and with basis a nonsingular parabolic quadric in a hyperplane of Π not containing x. In this case, |Π ∩ Q(2n, 2)| = 1 + 2 · (2 2n−2 − 1) = 2 2n−1 − 1, again a contradiction.
Hence, case (ii) occurs. So, |X| = |Q
For every point x ∈ X = Q + (2n−1, 2)\Q + (2n−1, 2), the tangent hyperplane of Π at the point x intersects Π in a nonsingular hyperbolic quadric of type Q + (2n − 3, 2). Hence, the total number of ordered pairs of distinct collinear points of Q(2n, 2) contained in X is equal to N = 2 2n−2 · |Q
X is a tight set of Type II.
Tight sets of Type II can be constructed in a recursive way.
Proposition 4.7 Suppose n ≥ 3. Let p ∈ Q + (2n − 1, 2) and let T p denote the hyperplane of PG(2n, 2) through p tangent to Q(2n, 2). Let η be a hyperplane of T p not containing x.
Proof. Let N denote the total number of ordered pairs of distinct collinear points of X and let N ' denote the total number of ordered pairs of distinct collinear points of pX \{p}. Then
Now, suppose X is a tight set of Type II of Q(2n − 2, 2). Then
and hence
proving that pX \ {p} is a tight set of Type II of Q(2n, 2).
Tight sets of vertices of the complement of the line graph of a complete graph
Let A be a set of size n ≥ 5. Consider the graph Γ n whose vertices are the subsets of size 2 of A, with two vertices adjacent whenever they are disjoint. Then Γ n is the complement of the line graph of the complete graph on the set A. It is straightforward to verify that Γ n is a strongly regular graph with parameters v =
, and that the automorphism group of Γ n is isomorphic to the symmetric group S n . Γ n has three distinct eigenvalues θ 0 = k = (n−2)(n−3) 2 , θ 1 = 1 and θ 2 = −(n − 3). If X is a set of vertices of Γ n , then
where N denotes the total number of ordered pairs of adjacent vertices of Γ n . If the lower bound in achieved, then X is a tight set of Type I. If the upper bound is achieved, then X is a tight set of Type II. . Hence, X is a tight set of Type I. In fact, it is the complement of the example mentioned in (I).
(III) Suppose G is a regular graph of valency k with vertex set A. Let X consist of all edges of G. Then |X| = nk − 2k + 1 . So, X is a tight set of Type II.
Theorem 5.1 If X is a tight set of Γ n , then X is obtained as described in (I), (II) or (III) above.
Proof. Let G be the graph with vertex set A, with two distinct vertices i and j adjacent whenever {i, j} ∈ X. For every vertex x of G, let k x denote its valency. Since X is an intriguing set, there exist constants N 1 and N 2 such that the following holds:
(1) if x and y are two distinct adjacent vertices of G, then k x + k y = N 1 ; (2) if x and y are two distinct nonadjacent vertices of G, then k x + k y = N 2 . If G is regular, then clearly X is obtained as described in (III) above. So, in the sequel we will suppose that G is not regular.
Suppose first that G is connected. Since G is not regular, there exist two adjacent vertices x * and y * for which k x * = k y * . Clearly, N 1 = k x * + k y * . By (1), every vertex adjacent to a vertex with valency k x * has valency k y * and every vertex adjacent to a vertex with valency k y * has valency k x * . By connectedness of G, we can then conclude that every vertex of G has valency k x * or k y * . Let D 1 , respectively D 2 , denote the set of vertices of G of valency k x * , respectively k y * . If there was an edge connecting two distinct vertices x and y of D 1 , then we would have k x + k y = 2k x * = k x * + k y * = N 1 , a contradiction. So, there are no edges between vertices of D 1 . In a similar way, one proves that there are no edges between vertices of D 2 . So, G is a bipartite graph with classes D 1 and
We see that X is obtained as described in (I) above.
We suppose now that G is not connected. Let C be a connected component of G. If x 1 and x 2 are two vertices of C and y is a vertex not belonging to C, then k
So, C is regular with valency k C := k x 1 = k x 2 . Now, there exist two connected components C 1 and C 2 for which k C 1 = k C 2 . If there were a third connected component C 3 , then considering pairs of points of C i × C 3 (i ∈ {1, 2}), we see that
So, C 1 and C 2 are the only connected components of G. If u 1 , v 1 , u 2 , v 2 are four distinct vertices of G such that {u 1 , v 1 } is an edge of C 1 and {u 2 , v 2 } is an edge of C 2 , then we would have 2k
So, without loss of generality, we may suppose that |C 1 | = 1 and |C 2 | = n − 1. If x and y are two nonadjacent vertices of C 2 and if z denotes the unique point in C 1 , then we would have
is a complete graph and X is as described in (II) above.
6 Classification of the intriguing sets of Γ 2 and Γ 3
As before, let Q(2n, 2) be a nonsingular parabolic quadric in PG(2n, 2), n ≥ 2, and let Π be a hyperplane of PG(2n, 2) intersecting Q(2n, 2) in a nonsingular hyperbolic quadric Q + (2n − 1, 2). Let Γ n be the graph with vertex set Q(2n, 2) := Q(2n, 2) \ Q + (2n − 1, 2) with two vertices adjacent whenever they are collinear on Q(2n, 2).
Suppose first that n = 2. The points and lines contained in Q(4, 2) determine a generalized quadrangle isomorphic to the symplectic generalized quadrangle W (2) (see [13] ). Q(4, 2) is the complement of a (3 × 3)-subgrid and hence Γ 2 is isomorphic to the complete bipartite graph K 3,3 . Let D 1 and D 2 denote the two maximal cocliques (of size 3) of Γ 2 . The following are all the nontrivial intriguing sets of Γ 2 :
• D 1 and D 2 are tight sets of Type I. D 1 and D 2 are the two ovoids of Γ 2 .
• If X is a set such that |D 1 ∩ X| = |D 2 ∩ X| ∈ {1, 2}, then X is a tight set of Type II. In this case, X is the union of |D 1 ∩ X| = |D 2 ∩ X| mutually disjoint truncated generators of Q(4, 2).
In the sequel, we will suppose that n = 3.
Lemma 6.1 (1) There exists a bijective correspondence φ between the points of Q(6, 2) and the subsets of size 2 of A = {1, 2, . . . , 8} such that if T = {x 1 , x 2 , x 3 , x 4 } is a truncated generator of Q(6, 2), then {φ(x 1 ), φ(x 2 ), φ(x 3 ), φ(x 4 )} is a partition of A.
(2) The graph Γ 3 is isomorphic to the graph Γ 8 whose vertices are the subsets of size 2 of A, with two vertices adjacent whenever they are disjoint.
Proof. Let I 3 be the following point-line geometry:
• The points of I 3 are the planes of Q(6, 2) which are not contained in Q + (5, 2).
• The lines of I 3 are the lines of Q(6, 2) which are not contained in Q + (5, 2).
• Incidence is reverse containment. Let H 3 be the following point-line geometry:
• The points of H 3 are the partitions of A in 4 subsets of size 2.
• The lines of H 3 are the partitions of A in 2 subsets of size 2 and 1 subset of size 4.
• A point is incident with a line if and only if the partition corresponding to the point is a refinement of the partition corresponding to the line.
By [5] or [6] , I 3 and H 3 are isomorphic near hexagons. The automorphism group of I 3 ∼ = H 3 is isomorphic to the symmetric group S 8 . We will now list some properties of the near hexagons I 3 and H 3 whose proofs can be found in the book [6] .
Every two points of I 3 ∼ = H 3 at distance 2 from each other are contained in a unique convex subspace of diameter 2 which is called a quad. The points and lines which are contained in a quad define a generalized quadrangle which is isomorphic to either W (2) or the (3 × 3)-grid.
There exists a bijective correspondence between the W (2)-quads Q of I 3 and the points x of Q(6, 2): the planes of Q(6, 2) belonging to Q are precisely the planes of Q(6, 2) through x. Two distinct points of Q(6, 2) are collinear on Q(6, 2) if and only if their corresponding W (2)-quads of I 3 meet.
There exists a bijective correspondence between the W (2)-quads Q of H 3 and the subsets U of size 2 of A. A partition P of A in 4 subsets of size 2 belongs to Q if and only if U ∈ P. Two subsets of size 2 of A are disjoint if and only if their corresponding W (2)-quads of H 3 meet.
The claims (1) and (2) of the lemma now easily follow from the discussion above. The bijection φ relates the points of Q(6, 2) with the subsets of size 2 of A via their connection with the W (2)-quads of I 3 ∼ = H 3 .
By Lemma 6.1, the classification of all intriguing sets of vertices of the graph Γ 3 is equivalent to the classification of all intriguing sets of vertices of the graph Γ 8 . The latter problem was considered in Section 5.
By Theorem 5.1, there are up to isomorphism two nontrivial tight sets of Type I in Γ 8 .
• Let i ∈ A and suppose X consists of all pairs {i, j} where j ∈ A \ {i}. Then X is a tight set of Type I. Since truncated generators of Q(6, 2) correspond to partitions of A in four subsets of size 2, these tight sets of vertices correspond to ovoids of Q(6, 2).
• Suppose i ∈ A and X consists of all pairs {j 1 , j 2 }, where j 1 and j 2 are two distinct elements of A \ {i}. Then X is a tight set of Type I corresponding to the complement of an ovoid of Q(6, 2). By Theorem 5.1, the nontrivial tight sets of Type II of Γ 8 bijectively correspond to the regular graphs of valency k ∈ {1, . . . , 6} on the vertex set A. Every regular graph of valency 1 on the set A is isomorphic to the graph G 1 depicted below. Every regular graph of valency 2 on the set A is isomorphic to either G 2 , G 3 or G 4 . By [14, page 127] , every regular graph of valency 3 on the set A is isomorphic to either G 5 , G 6 , G 7 , G 8 , G 9 or G 10 . By [14, page 145] , every regular graph of valency 4 on the set A is isomorphic to either G 11 ∼ = G 6 , G 12 ∼ = G 7 , G 13 ∼ = G 8 , G 14 ∼ = G 9 , G 15 ∼ = G 10 or G 16 ∼ = G 5 . (Here, G denotes the complement of the graph G.) Every regular graph of valency 5 on the set A is isomorphic to either G 17 = G 2 , G 18 = G 3 or G 19 = G 4 and every regular graph of valency 6 on the set A is isomorphic to G 1 .
So, up to isomorphism, there are 20 nontrivial tight sets of Type II in Γ 8 and hence also in Γ 3 . With exception of the tight sets corresponding to G 2 , all these tight sets of Γ 3 are the union of mutually disjoint truncated generators of Q(6, 2). We illustrate this in Table 1 . We explain the used notation. The decomposition 12/34/56/78 + 15/26/37/48 for the graph G 3 means that the tight set of Type II of Γ 3 corresponding to the regular graph G 3 is the union α 1 ∪ α 2 , where α 1 (respectively α 2 ) is the truncated generator of Q(6, 2) corresponding to the partition {{1, 2}, {3, 4}, {5, 6}, {7, 8}} (respectively {{1, 5}, {2, 6}, {3, 7}, {4, 8}}) of A. 
